














Problem 3 (Griffiths 7.4)
Start by stating global assumptions for this notebook: that both
energies are real and positive while 0 <  < 1.

In[1]:= $Assumptions Ea Reals && Ea 0 && Eb Reals && Eb 0 && Reals && 0 && 1

Out[1]= Ea && Ea 0 && Eb && Eb 0 && && 0 && 1

Apply perturbation theory to the most general two-state
system with unperturbed energies:
In[2]:= MatrixForm H0 Ea, 0 , 0, Eb

Out[2]//MatrixForm=

Ea 0
0 Eb

and perturbation
In[3]:= MatrixForm H1 Vaa, Vab , Vab, Vbb

Out[3]//MatrixForm=

Vaa Vab
Vab Vbb

(Note, I am using Vab = Vba. What is really true, however, Vba* = Vab. However, this is simpler for
Mathematica)

In[4]:= MatrixForm H1
Out[4]//MatrixForm=

Vaa Vab
Vab Vbb

a) Find the exact energies

In[5]:= MatrixForm H H0 H1
Out[5]//MatrixForm=

Ea Vaa Vab
Vab Eb Vbb



In[6]:= Emp Eigenvalues H

Out[6]=
1

2
Ea Eb Vaa Vbb

Ea Eb Vaa Vbb 2 4 Ea Eb Eb Vaa Ea Vbb Vab2 2 Vaa Vbb 2 ,

1

2
Ea Eb Vaa Vbb

Ea Eb Vaa Vbb 2 4 Ea Eb Eb Vaa Ea Vbb Vab2 2 Vaa Vbb 2

Which simplifies into E- (Em) and E+ (Ep) via

In[7]:= Simplify a b ^2 4 a b

Out[7]= a b 2

In[8]:= Em 1 2 Ea Eb Vaa Vbb Sqrt Ea Vaa Eb Vbb ^2 4 ^2 Vab^2

Out[8]=
1

2
Ea Eb Vaa Vbb 4 Vab2 2 Ea Eb Vaa Vbb 2

In[9]:= Ep 1 2 Ea Eb Vaa Vbb Sqrt Ea Vaa Eb Vbb ^2 4 ^2 Vab^2

Out[9]=
1

2
Ea Eb Vaa Vbb 4 Vab2 2 Ea Eb Vaa Vbb 2

b) Expand your results from (a) to second order in . Show that the results are
the same as what we obtained in perturbation theory.

In[10]:= Series Em, , 0, 2
Out[10]=

1

2
Ea Eb Abs Ea Eb

1

2
Vaa Vbb

Vaa Vbb Abs Ea Eb

Ea Eb

Vab2 Abs Ea Eb 2

Ea Eb 2
O 3

This, of course, simplifies to (Ea-Eb)^2 = (Eb - Ea)^2

In[11]:= Em 1 2 2 Eb Ea Ea 1 2 Vaa Vbb Vaa Vbb Vab^2 ^2 Eb Ea
Out[11]=

Eb Vbb
Vab2 2

Ea Eb

Similarly for Ep

In[12]:= Series Ep, , 0, 2
Out[12]=

1

2
Ea Eb Abs Ea Eb

1

2
Vaa Vbb

Vaa Vbb Abs Ea Eb

Ea Eb

Vab2 Abs Ea Eb 2

Ea Eb 2
O 3

Simplifies to
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In[13]:= Ep 1 2 2 Ea Eb Eb 1 2 Vaa Vaa Vbb Vbb Vab^2 ^2 Eb Ea
Out[13]=

Ea Vaa
Vab2 2

Ea Eb

Both of which match our results from perturbation theory!

c) Setting Vaa = Vbb = 0, show that the series only converges if | Vab / (Eb - Ea) | <
1/2

The series only converge if

In[14]:=

4 Vab^2 Eb Ea ^2 1
Out[14]=

4 Vab2

Ea Eb 2
1

or equivalently

In[15]:= Vab Eb Ea 1 2
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